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ABSTRACT

The perturbation equation of masseless fields ferrifle Sitter geometry are written in form of sejixe
equations as in [19] called the Angular Teukolsiyation. The Angular Teukolsky equation is conveitie General
Heun’s equation with singularities coinciding thghusome confluent process of one of five singukgitAs in [17]

and [18] rational polynomials of at most degree &&® introduced.
AMS Subject classification: 33XX.
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1. INTRODUCTION

Teukolsky equations are the consequences of peatitarbequation fer Kerr- de Sitter geometry with

the separability of angular and radial parts resgeely. Carter [1] was the first to discover thhe scalar wave

function is Separable other consideration is %ueSpin electromagnetic field, gravitaional perturbations and

gravitino for the Kerr-deSitter class of geometry.

The Teukolsky equation is applicable in he studplatk holes in gen-eral. The solutions of the ¢iguaare
in most cases expressed as series solutions of spewtalized functions. This approach has beenechout by so
many researchers say Teukolsky (1973), Breuerletl8lr7), Frackerelland Crossman (1977), Leahy Bmduh
(1979), Chakrabarti (1984),Siedel(1989), Suzuki etall (1989) just  to mention but
few.AlthoughTeukolskyequationhasfivesingularpoimsibregularwithfourregularpoints.Bysome confluentogess,

these singular points are reduced to four coingehith the singular points of Heun’ s equation.

The objective of this work is to obtain polynomsalutions for the de- rived Tuekolsky equation tigb its
conversion to Heun’ s equation through rationalypomials of degree at most 2. New solutions in seohthe ra-

tional polynomials are obtained

The paper is organized as follows; The first sectieals with the intro- duction of Teukolsky eqoatithe
second section deals with the derivation of Teugolssing the work of [19], the third section hasdo with the
derivation of Angular Teukolsky and its converstorHeun’ s equation and the fourth section hasotevidh Heun’ s
differential equation and its trans- formation tgphrgeometric differential equation via rationalypmmials of at

most degree two.
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54 S. Akinbode & A. Anjorin

2. THE TEUKOLSKYEQUATION [19]

Tekolsky equation was derived using the Kerr (-Nemiade Sitter geome- tries

S dr?  de?,
Z g’ [
( A, = Ny )

dt — (r® + a®)dy)? +

ds® = —p

Ay sin2f

WL& dt —asin” fdp)”,

A (
(1+a)2p? (1)
Where

a
a2
F(r—ry)(r—r_)(r =} )(r— L),

. Aa® _ ;
Ap=1+4+acos?f,a= T.p'z r+iacosf and p° = pp.

:ﬂj] —2Mr+ Qz =

(2)

Here A is the cosmological constant, M is the mass oftfaek holerM its angular momentum and Q its

charge. The electromagnetic field due to the chafghe black hole was given by

Qr

Apdet = ————(dl—a sin? Ady).
(14 a)2p 3)
In particular, the following vectors were adopteciae null tetrad,
(14+a)(r?+a?) a(l + o)
e 1,0; :
v=A A, o
nH = _}lq{_[l + a)(r? +a?), —A,,0,a(1 + a))
-p“
| i(1 4 )
mt = P_\/E(?'a(l + a)sinf, 0, Ag, %}m“ = . “

It was assumed that the time and azimuthal deperdefithe fields has the forgn! (a’t_m¢),the tetrad

components of derivatives and the eleatragnetic field were

; A \/’;}.3 E:
o= pfif. =P = N0
0 p 25 1] [T \/Ew' i]

V2 Lo, t*A, = —% ntd, = —&
\/ip"" Ay 2p?

gy i === 'P-_: e
Ay = A, =,

mtd, =
(5)
i(l+a)K a.A, {1+ a)K AL

:':}r— — : -i—: - -+ T
D, =¢ A 1 A Dl =6+ A n A

e
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(1 +a)H i) Oy(/Ag sinf)
Ay N /Dgsing
(1 + a)H L O(/Ag sinf)
Ag o VAgsinf

Ll =8 -
(6)

" - ] ¥ .
with K =w(r“*+a°) —am and H = —awsm#f + 5;::3.

Using the Newman-Penrose formalism it was showned that perturbation

equation in the Kerr-de sitter geometry are separable for massless spin 0,
%l% and 2 fields. Similarly in the Kerr-Newman-de sitter space those for
spin 0,1 fields are also separable. The separated equations for fields with

spin s and charge e were given by

[VAeLl__\/AsL,

—2(1+a)(2s — 1)awcosf — 2a(s — 1)(2s — 1}-31:}5-_129 + A]5:(6) =0

) ; . 2a
[A.Dy D} +2(1 + a)(2s — 1)uw — ;;(.s —1)(2s — 1)
‘ LN s T e T 1 22,2
+—2(l + a)eQKr —I--;H{,Qrﬂr..ﬁr +e'Qr* Yuseq — N Ry(r) = 0.

)
3. TRANSFORMATION OF TEUKOLSKY EQUATION TOHEUN'S EQ UATION [19]

It was shown in [19] that the Teukolsky equatiofteraseparation can be transformed to the Heun’s

equation by factoring out a single regular singuity.
2.1 Angular Teukolsky Equation

From (7), the angular Teukolsky equation after safp@n was shown to be

{E = 12. ; ﬂT . . : {l +f1’}2{2 9 .-3
{%[{i +ar?)(1— )]+ - b(li n a]lq—|— 220z
—I—Li, [ﬁ:(cm‘: — (14 a)f)r — QQE —2m(l + ) + s

1 4+ ar- &t

(1+ a)?m? (14 a)(s? 4+ 2smzx)
2 = Siz) =0,

(1+ax?)(1 —x2) 1 —z2 } k&)=1

®)

Wherex = cgsf and¢ = aw. This equation has five regular singularitieds + ! ande. It was also noted

that the angular equation hasindependence on M ad Q By choosing the variablech as

] —

va r+1

o
I
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Then (8) takes the following form,

{r.le[l_l_l_'_I 2]d
d2 " lz Tz —1 z—zs_z—zmg
‘m—sy2 1l rm4syt ] l+a, omtasy?2 1
(=3 ]E_‘ ) oot B T ) G—mp
2 —I—[ m’ |:,| . Lo *: . 'fi —n/ar?  Jumsa
(£—Zaa)* 2\ (1+n/a)?)  2\1+n/a)  14/e
A=3s(l—a)—-2a+2{1+a)(m+s)E71
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+l 2 ( 14 i1— J\}'Q_}j) - ?( L —-iv":) | — 1
A—s(l —a)—2a+2{1 4 a)(m - a){} 1
B (1+u/a? z—1
P i ava(l —a) o tald—s(1 —a)+2
+[_mm .23-‘/5?.? _&__vf_ﬂ':l _r:) s Valh — (1 -.-.ﬂ) )
(1—a)? (14 e 14+ a (14+a?
1 PR fr=ee o i ‘-"_. 1
+(4hjnm-l+ oy l)a}{,] 4 B 8iy/a }5’(3] il
l+a 22—z, l1l+or—i.
)
where 4; = "n;l Ao |m+s ,and Az = (H":' Vam — H) Now f(z
satisfies the eqna.tlcm
d 2A+1  2A,+1 243+174d Pz +u L
{E_l_[ 2 = #=1 | = }dﬂ._'— z(z — (T—zs)}f(&)_o‘
(10)
Where
P+ = A+ Ay + Az £+ “-'13 +1
T _1\/_{}\—ulfl—nfl—if-\/a—k‘llfl—I—:.‘t){'m—i—s}ﬁ—l['l—l—'f\/a'}a{ﬂﬂlf‘xg—l—Ai—I—Ag]

P
~4/a(241 A3 + A1 + Az) — “[da+ 1+ (w/a)?

2
—(1 —0/a)* + 2uns/a(l + :\/E]}

Equation (10) is called the Heun's equation whidhs Hour regular singu- larities. The f(z) is

determined by requiring non-singular behaviorg at0 and 1. We can take either one of signé®fo find the

solutionS (2) in terms of solution of Heun’s differential eqiat.
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4. HEUN'SEQUATIONTOHYPERGEOMETRICVIARATIO-NAL POLYN OMIALTRANSFORMATIONS

In this section, we transform the Heun’s equatienivitd above to hyperge- ometric differential edurat

with three singularities and back again to the Hesolutions with polynomial terms.

The hyper geometric equation has three regulautangoints. Heun’s equation has four regular mifithe
problem of conversion from Heun’s equation to hygeometric equation has been treated in the wdrks Kuiken
[17]. The purpose of this work is to derive somenfe solution to the Heun’s equation via some ration

transformation as stated earlier.

The steps taken shall be conversion of Heun’s fancto the hyper geomet- ric function then takea th
derivatives, and through a push and pull back meaee arrive back to a new Heun’s function difféersom the

original Heun’sfunctions.

Every homogenous linear second order differentgdadion with four regular singularities can be
transformed into (10) with the assumption thAtL2 1 =y, 2A2+ 1 =6,2A3+ 1 s, p+ =oafandu=q, z=t

andzs= d as defined above, and read as

d%u ~ ) £ .du affit — q
— -+ i - = U =
dt< f E—1 t —d di tHt— 1)t —d)

(11)

Where {a, B, y, 6, s, d, qfd f= 0, 1) are parameters, generally complex and ar- Bitrinked by
FUSCHAIN constrainta+ +1 =y +0 +s. This equatiorHas four regular singular points €, 1, a, «} , with the
exponents of these singular being respectii@yl, -y}, {0, 1, =4}, {0, 1, —s} and{e, p}. Theequation (11) is called

Heun’s equation.

The Hyper geometric equation

¥
d=u

a2 "

d; :
[e—(a+b+1)z] ij —aby = 0,

z(1—z)
!11-/. (12)

Has three regular singular points. in the above,(itlhas been shown that these two equation above
can be transformed to one another via six ratidPallynomial z = R(t) , whereR(t) = t2, 1—t2, (t—1)2,

2t—t2(2t— 1)2, 4t(1-t). The following parameter relations were deduced.

For the polynomiaR (t) = t2,

*  at+p=2(at+b),ap=4aby=—1+2cs=1+a+b-c,0s=0,0=0 andd =—2.
For the polynomiaR (t) = 1 - t2

e a+pf=2@+bh),af=4ab,y=-1-2c+2a+2b,6=c,s=6,q=0andd= 12
For the polynomiaR (t) = 2t — t2

* atf=2(ath), af = 4ab,y=c,d=1-2c+2a+2b, s=J =c, q=4abandd = 2.
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For the polynomiaR (t) = (2 - 1)2
atf = 2(at+b), af = 4ab,y = —1+atb-c,d =y, =s=-1, g=4abandd = 1
For the polynomiaR (t) = 4t (1 -t) 2

a+f=2(@+b),af=4ab,y=c,6=y,6=1- 2c+2a+ 2b, q= 2abandd = L:

AssumingH (d, q,a, 8,7, 8, st) =S(t);i =1...14 are solutions of the Angular Teukols kyintermis o

Heun’s with polynomial factor arpdr1(a,b;c;z= R(t)) are representative forms of the solutions of) @rd (12)

respective, together with parameters above relsticen be established between these two forms wa th

polynomials data given above. We provide an answéris in this paper. Indeed, we provide thatdbeavative

of the solution of Heun’s can be expressed in teofr@nother Heun’s solution giving rise to new simns of

Teukolsky Angul are quation.

INTEGRAL SOLUTIONS TO HEUN'’S DIFFERENTIAL

2. Main Results: Integral Solutions

In this section we shall apply the relations above in deriving the integral

I:Grll]. 'L7IE :-i{;rlllLiDl]:i Viﬁ- t—}“EHC‘ U}YHDllli?ﬂ. tl‘ﬂnﬁfﬂ'l'lnﬂtiﬁnbﬂ IJL‘L .|r == £ i }J{‘ a1
pol C
i (a—1)n

integral operator defined over a| compact interval C. Since (a),_| = ———,

we have

R*(t){(c—1)

1!;?1[‘-‘1[(?,?!'.(':3 = R(f‘,ll:l = m

2Fi(fa—1,b—1;e—1;z = R(t)),

WhereR*(t) is a polynomial factor derived from the integraamd through a push and pull-back processes

we have the following possible solutions of the Alag Teukolsky equstion;

Impact Factor (JCC): 2.6305

1. For polynomial R(t) = t%

(a) Using ¢ = (v + 1)/2, we obtain

TH(—1,0;0,8,7,9,¢;t)

(i 1Ye3 Y. L M
2y DE oy (B2, a5, 1L R(t) = %)

— 3a—2)(5-2) 39 21 3

2{y—1)¢2 I, o .
a+F—v—1 a+d—v-—-1
2 : 9

t)|c = S1.

(13)
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(b) l.THiIIg c=1—-d+a+b we gel

TH{—=1,0; 00, 8,7, 836, 1)

= -lr_n+;:f—'.'.jj|r‘
= Bfa—2)B-2 u

a4+ B —25: R(t) = 12 e

- -jg-ﬂ—j,-,-*;wﬂ%fﬁ x H(=1,0;a0 — 2,8 — 2,2(a + #—26) — 1,

W—(a+8)—-2 46—(a+8)-2
5 § 5 )| = Sa.

4

(14)
2. For polynomial R(t) =1 — ¢

(a) Using ¢ = 4, we have

IH(-1,0;a,8,7v,08,¢;1)

4(d—1)(3 q— -
:?}{T;{HQ%QF(T{&J ~LR(t)=1-8)¢

_AA—1)(3t—%)
= B@—2)(B-2)

H(-1.0:a—-2.3-2. a+3-20—1.0—-1.0—1:¢ = Sa.
xH(-1,0;a—2, a+f . e =53 (15)

(b) Using ¢ = ¢, we have

CTH(—-1,0 e, 5.7, 0, € 1)

4(e—1)(3t— ts}ZF

= e 25 e—LR(t) =1-)lc

Y1) (3—tT)
— Bla—2)(F-2)

xH(-1,0;a—2,8—2,0+8—2—1,e—1,e—1;t)|c = S;4.
(16)
(e) Using ¢ = (1 — v + 2a + 2b)/2. we arrive at

TH(-1,0;a, 3,7, 4, €;t)

2( x4 B—y—1)(3t—t B—2 a— A——1
= A —2h(52 e L R(t) = 1 - P)le

_ HatA—y—1)(3t—tH)
3a—2)(5—2)

;- o n natB—g—lat+pf—g-1
s H(—1,0;0—2 52 2 3 5

it)|le = Ss.
(17)
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3. For polynomial R(t) = 2t — %
(a) Using e = (4 + 1)/2, we obtain

TH(2,a8;a,3,7,8,€6t)

S— 2 42 A — i o
= X 2y (552, 5% 5L R(t) = % — B)lo

= A H2 (@ —2)(8— 20— 2,8 —2, =858 59,

3{a—2)(8-2)
g—a6-—1
erpo 5 it)lc = Se.
(18)
(b) Using e=1+a+b—~, we have
TH(2,a8; 8, a,7,48,¢; t)
. 2(a+.5—2“r']fl[.3—t2]2F {5‘—2 a—2, . g H{f’} — D ??}l' ;
= 7 3(a—2)(f—2) INCE 2T 24 s =i C
2a+8-2y 3 (317 ; 9 7—2
- “Qaﬂi_giﬁsl‘m LH(2,(a—2),(8 —2);a—2,8- 2,52,
) v —2
atf—y—1,1" —it)lc = 57.
(19)
4. For polynomial R(t) = (f — 1)
(a) Using e = (1 — 6 +2a+ 2b)/2, we have
TH(2,08;a, 8,7,0,¢t)
— Mot B2 Y o (852, 222, B oL, pg) = (£ —1)%)o
= 2B X H (2, (a-2)(5—2)s a2, -2, Hptat atoicl,
+8-d-1
T i) =S
2 (20)
(b) Using ¢ = v, we have
IH (2,08 a,B,7,4,¢€:t)
Ay—1)(t—1)3 . 23 ¥
— &[{&_JQJ]({!’g_l%}zFlfﬁgz-. acﬁ?:,,r — L R(t) = (t - 1:'2”{'
= gy < H(2, (@ —2)(3—2)ia— 2,8 — 2.9 — 1,
a+8—-2y—1,a+8—2y—1;t)|lc = Se. (21)
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(¢) By changing v toe in above, similar relation can be obtained.
5. For polynomial R(t) = (2t — 1)2:
(a) Usinge=(e+1)/2=(6+1)/2, we have
H(1/2, «8/2;a,8,7,6,€: 1)

= Lo (52, 55 SR = (2t — 1)lc

ara—zpfﬁ P
e—1)(2—1)3 (a—2)(5-2) 4 o atf—e—5
= SagE—y XH(/2,———a-2,8-27F—

at+fB—e—5
— e — 2:t)|lc = Sio.
9 | 10 226

By changing € to § a similar expression can be obtained.

(b) Using e = —1 4+ a + b — ~, we obtain

H(1/2,a8/2;a,8,,0,¢;t)

_ a+8-2(y+2))(2t—=1)3 B—2 a—2, off-—3v—4, 2
- 6(a—2)(F—2) zFl{T'QTfﬂ—z'r_-'R() (2t—1)%)lc

_ Aatf—2(v+2))(2t-1)° o (a+2)(8+2).
= Sy X H(1/2, =3 a -2,

B—2m—LiatB—2y—5:8|c =5 23)

6. For polynomial R(t) = 4¢(1 — ¢):

(a) Using ¢ = =, we have

H(1/2,a8/2;8,a,7,d,¢,;t)

— %—]—2&(5 92 — L R(t) = 441 — b))|c
_ A=D2e@E-2t) (a—2) (B
= ?'Q—E){ﬂ—'},‘) H{1/2, e —2,8—-2
y—1l,y—lLa+8—2y—1:t)|c = Sia.
(24)
(b) TH(1/2,a8/2: 8.c,~.0,€t)
= A an (B2, 2325 — L R() = 4t(1 - V)le
= A O o H(1/2, 2D 0 2. 82,
§—1,6—1,a+8—25—1;t)|c = Si3. 5)
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(c) Using e= (1 — e+ 2a 4 2b)/2,

IH(1/2,a8/2;a, 8,7,6,¢,; t)

ot B—e—1)242(3—28) o 1 A—2 a—" r: Y. ) _
== .'il'a—?'llj:%jf_l-]'J Ez!l(Tj HTE = 2 ll‘}ﬂ” = ”H' - ”Hﬁw

W a+A—e—1)2t2(3—2¢) o (B=2)(a—2) a . ,
= A8 .'im__j“’g__"j.l L H(1) RO B2,

at+f—e—1 at+pf—e—1
9 ! 2

i — 2'.f3:||["‘ - 5'1_;.
(26)

3. CONCLUDING REMARKS AND SUGGESTIONS

In this paper, we have shown that the solutionthefderived Angular Teukolsky equation transformed

to Heun’s equation could be obtained in form of Risdunctions via polynomials of at most degree fivans

forma- tions with the application of integral operal. The Heun’'s equation was initially compare witle th

hyper geometric differential equation with threeggilarities via the giving polynomials. Another udscould

be obtained if we apply the differential operatmstead of the integral operator. Poly- nomialsighlr degrees

are being considered.
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